Magnetohydrodynamic turbulent flows driven by random mechanical and electromagnetic external forces of zero helicities are investigated by means of direct numerical simulations. It is shown that despite the absence of helicities in the forcing, the system is attracted to self-organized helical states that exhibit laminar behaviour despite the large value of the Reynolds numbers examined. We demonstrate that the correlation time of the external forces is controlling the time spent on these states, i.e. for short correlation times the system remains in the turbulent state while as the correlation time is increased the system spends more and more time in the self-organised states. As a result, time averaged statistics can significantly be affected by the time spent on these states. These results have important theoretical implications for the understanding of the suppression of non-linearities in plasma fusion devises as well as in astrophysical observations.
I. INTRODUCTION
Self-organisation in turbulent flows is the spontaneous creation of large-scale coherent structures out of a sea of homogeneous turbulence [1] . In magnetohydrodynamic (MHD) theory, relaxation processes have been recognized to explain the evolution of electrically conducting fluids towards special states of self-organisation as a consequence of multiple conservation laws [2] . For homogeneous, incompressible, ideal MHD with zero mean magnetic field, there are three known quadratic conserved quantities: the total energy E ≡ E u + E b = 1 2 |u| 2 + |b| 2 V , the magnetic helicity H b ≡ a · b V and the cross helicity H c ≡ u · b V . Here, u is the velocity field, b ≡ ∇ × a is the magnetic field where a is the solenoidal magnetic potential, and · V stands for spacial averages over the volume V .
The dissipative relaxation processes in decaying MHD turbulence are the Taylor relaxation [3] [4] [5] and the dynamic alignment [6, 7] . These states could be derived analytically by minimizing an energy integral subject to some constraints [1] . In detail, Taylor relaxation is associated with the decay of turbulence towards a minimum energy state under the constraint of finite H b . The solution to this variational problem is a force-free field, where u = 0 and ∇ × b = λ ′ b with the Lagrange multiplier λ ′ ≡ b 2 min dV /H b . On the other hand, the slow decay of H c in comparison to E can lead to a minimum energy state while cross-helicity is conserved, where selforganisation occurs due to dynamic alignment between the velocity and the magnetic field, i.e. u = ±b. This relaxed state is called Alfvénic state. These relaxation processes can be seen as a selective decay [8] between the conserved quantities due to their very different rates of dissipation in turbulent flows.
The relaxation to the force-free state was offered as an explanation in reversed-field pinch plasma devices [5, 9] and it has also been used to estimate the energy release in coronal structures in connection to the problem of coronal heating [10, 11] . Moreover, the Alfvénic states have been frequently observed in solar wind turbulence [12, 13] . The growth of correlation between u and b in solar wind was conjectured to emerge dynamically from MHD turbulence [14] and this was verified in direct numerical simulations (DNS) of undriven turbulent flows [15] . Moreover, Stribling and Matthaeus [16] have shown numerically that in a truncated model of threedimensional decaying MHD turbulence the final states depend on the initial values of H b and H c . In particular, they showed that the final state for strongly helical initial conditions is the force-free field, whereas for sufficient large initial alignment between u and b is the Alfvénic state.
In this paper, we show that self-organization due to force-free, Alfvénic and Beltrami (i.e. ∇ × u ∝ u) states can occur in driven MHD turbulent flows from initial conditions and external forces of zero helicity. We also demonstrate that these states depend on the correlation time scale of the external forces. Our results brings up important implications for plasma fusion devices such as the tokamaks, the spheromaks and the reversed field pinch experiments, where the suppression of non-linearities is one of the most important objectives in the production of fusion energy. This work is also important to understand the self-organization of the solar wind but also the way MHD turbulent flows should be forced in numerical simulations.
The paper is structured as follows. All the necessary details on our DNS of driven MHD turbulent flows are provided in Sec. II. Section III analyses the non-linear dynamics of the self-organized states. In particular, we focus on the dependence of the MHD flows on the forcing correlation time scale and its effect on the growth of helicities and the fate of the magnetic helical condensates. Individual statistics of the velocity and the magnetic field are presented in sec. IV. The diverse behaviour between the two fields dominates the statistics, where different dynamics are obeyed at different instances. Finally, in sec. V we conclude by summarizing our findings and we discuss the implications of our work on the understand-ing of the self-organized processes that are observed in fusion plasma devices and in astrophysical observations.
II. NUMERICAL METHODS
Our study is based on numerical simulations of the MHD equations
where the vorticity ω ≡ ∇ × u, the current density j ≡ ∇ × b, P is the pressure, ν is the kinematic viscosity, µ is the magnetic diffusivity, f u is the mechanical and f b the electromagnetic external forces. Using the pseudo-spectral method, we numerically solve Eqs. (1) and (2) in a three-dimensional periodic box of size 2π, satisfying ∇ · u = ∇ · b = 0. Aliasing errors are removed using the 2/3 dealiasing rule, i.e. wavenumbers k min = 1 and k max = N/3, where N is the number of grid points in each Cartesian coordinate. For more details on the numerical code see [17, 18] . In our simulations, the velocity and the magnetic field are forced at wavenumbers k = 1 and 2 with random phases. The random external forces f u and f b are normalised such that the forcing amplitude |f u | = |f b | = |f | = 1 for all runs. The forces have zero helicities, i.e. f u,b · ∇ × f u,b V = f u · f b V = 0 and their random phases change every time interval τ c (where τ c = ∞ implies constant phases in time). The forcing correlation time scale τ c is our parameter in this problem and is compared with τ f ≡ (k min |f |) −1/2 . The energies of the initial conditions are chosen to be in equipartition (viz. E u = E b = 0.5) unlike in studies of relaxation processes [16, 19] , where the initial conditions were chosen to have a tendency towards a particular relaxation state (i.e. force-free or Alfvénic). All the necessary parameters of our DNS are tabulated in Table I . The magnetic Prandtl number is unity (i.e. ν = µ) for all the runs. To start with, we consider the temporal evolution of our flows with different forcing correlation time scales. Remarkably, as τ c /τ f increases we observe the amplitude of all space averaged quadratic quantities to increase substantially. This is depicted indicatively by the time-series of the total energy in Fig. 1 plotted on a logarithmic scale. The inset shows the mean value of total energy E t with respect to τ c /τ f . Here, the angle brackets · t denote temporal averages. As the forcing correlation time scale increases from τ c /τ f = 0.5 to 8, the mean value of total energy E t increases by almost two orders of magnitude and strongly fluctuates varying by an order of magnitude. Note that the time-series are characterized by dynamical time scales much greater than τ c , τ f and the non-linear time scale
This behaviour indicates self-organisation in our MHD turbulent flows, which will become more obvious later on in our analysis. Due to these long dynamical time scales and the large variations we are compelled to integrate very far in time to obtain converged statistics and consequently deal with moderate resolutions (see Table  I ).
In Fig. 2 we present the Probability Density Functions (PDFs) of the time series of the normalised cross, magnetic and kinetic helicities
respectively. For low values of τ c /τ f the PDFs of the normalized helicities are peaked around 0 as it is expected (see Fig. 2 ). However, for higher values of τ c /τ f the In the case of the normalized kinetic helicity, the PDFs with low τ c /τ f values are peaked at 0 and they increase significantly for higher τ c /τ f values without reaching full Beltramisation (i.e. |ρ u | = 1 or u = ±ω) even for τ c /τ f = 8 (see Fig. 2c ). The preference for these highly helical states, where non-linearities (and the cascade to small scales) are quenched, are related to the excess of energy that was observed in Fig. 1 . Now we examine the evolution of our flows in a threedimensional phase space composed by the three normalized helicities. Figure 3 demonstrates the time evolution of the solutions of our flows and their dependence on the forcing correlation time scale τ c /τ f , which varies from 0.5 to ∞ (see Table I ). In particular, Fig. 3a shows the phase sub-space of the normalized magnetic and cross helicities, where we observe that the flows with τ c /τ f = 0.5 and 1 mainly oscillate around the 0 origin with some excursions away from 0. As the forcing correlation time scale increases from τ c /τ f = 2 to ∞, we notice that these excursions are trapped into two attracting solutions ρ b ≃ ±1, oscillating between −1 ≤ ρ c ≤ 1 for long times (i.e. T tot /τ f ≃ 1000). In other words, the solution is trapped into force-free states (i.e. j ∝ b) while it oscillates between the two Alfvénic states (i.e. u = ±b). For the runs with long correlation times τ c , we do not observe noise driven escape from one basin of attraction to the other. We expect the probability to exit from one metastable potential well to the other to be vanish- ingly small due to the fact that the noise in the system is not enough to escape the solution from either basin of attraction due to the suppression of the non-linearities.
On the other hand, we observe noise driven escape of the system between the two attractors of the Alfvénic states (i.e. ρ c = ±1). It is of interest to mention here that the choice between the two asymptotic fully magnetically helical states depends sensitively on the initial conditions. A small perturbation in magnetic helicity can lead the system to be trapped either in the ρ b = 1 or ρ b = −1 state, much like a small variation in the initial conditions of a coin-toss experiment can alter the final results from head to tails [20] . The phase sub-space of the normalized magnetic and kinetic helicity (see Fig. 3b ) reveals two states with positive and negative H u for high enough values of τ c /τ f . Note that kinetic helicity grows only when |ρ b | > 0.5 and always has the same sign with magnetic helicity. This implies that as the magnetic field becomes strong it forces the flow to become Alfvénized (i.e. u ∝ b) fluctuating between positive and negative H c but always keeping the same sign for H u and H b (see Fig. 3 ) because kinetic and magnetic helicities are invariant under u → −u and b → −b transformations, respectively. For completeness of the three-dimensional phase space of normalized helicities, the phase sub-space of kinetic and cross-helicity is presented in Fig. 3c . Here, the two attractors of positive and negative H u are also evident, with the flows of high forcing correlation time scales to oscillate for long times between the u = ±b solutions, whereas the flows with low τ c /τ f to oscillate around ρ u = 0.
The same conclusions are more clearly depicted in Fig. 3d where ρ u and ρ b is shown for all the resolutions considered in this study (i.e. 64 3 to 512 3 ) with τ c /τ f = ∞. Therefore, we expect this behaviour to persist for any Reynolds number flow with high enough time-correlated external forces. Note that the particular case of fully time-correlated external forces (i.e. τ c /τ f = ∞) reaches higher values of normalized kinetic helicity than the rest of the flows. In this case, one could hypothesize that if this flow will be integrated very far in time it will reach a fully Beltrami asymptotic state (i.e. u = ±ω). However, even for the 64 3 run, which was integrated for longer time scales (i.e. T tot /τ f ≃ 1550), the flow did not reach full Beltramisation. So, it is not clear if a fully kinetic helical state will ever be reached for τ c /τ f = ∞ and T tot /τ f ≫ 1.
At this point, we should identify the fate of these helical condensates at T tot /τ f ≫ 1 for fully time-correlated forces in our simulations of driven MHD turbulence. This is clearly illustrated by plotting the time series of the total energy E for the different resolutions that we have considered with τ c /τ f = ∞ (see Fig. 4 ). For early times, all the runs seem to asymptote towards a steady state solution (i.e. t/τ f ≃ 10). However, when we integrate further in time the solutions deviate abruptly from this temporary steady state towards their fully helical states, which eventually asymptote to the laminar attractor, i.e. the flows reach their viscous limit. Note that the reach of the viscous asymptotic limit becomes prohibitive as resolution increases, because the time-step becomes vanishingly small, based on a CFL criterion, in order to capture the required dynamics. The question that now arises is why these helical states manifest. This manifestation seems to be intimately connected with the inverse cascade of magnetic helicity [21] . The presence of the electromagnetic force f b induces the condensation of E b into a large scale helical magnetic field (magnetic condensate), which is a consequence of the inverse cascade of H b . These magnetic condensates can be shown to be unconditionally stable for any Reynolds number (see section VI) in contrast to Beltrami states in 3D helical hydrodynamic turbulence, which are unstable and energy is cascaded forward. So, for τ c /τ f → ∞ the flow will be attracted to the laminar stable states for any Reynolds number as Fig. 4 also indicates. For finite but large enough τ c /τ f these states will be also approached, while for small τ c /τ f the external forces change before the system has time to reach a self-organised state. We remark that self-organisation is induced in MHD turbulence as soon as an electromagnetic force f b is involved in the equations, with either |f b | ∼ |f u | or |f b | ≫ |f u |. Otherwise, when f b = 0 (i.e. dynamo) or |f b | ≪ |f u |, helicities do not grow even for fully time-correlated forces, reaching a statistically steady state with helicities' fluctuations around zero, as it is expected.
IV. STATISTICS OF SELF-ORGANISED STATES
In contrast to the relaxation processes in selective decay, we are able to have statistics of the asymptotic forcefree, Alfvénic and Beltrami states. Figure 5 presents the magnetic and kinetic energy spectra averaged in time for the flows with different τ c /τ f . It is obvious that both the magnetic and kinetic energy increases significantly at low wavenumbers as τ c /τ f increases, implying the creation of helical condensates at large scales. Comparing the magnetic and the kinetic energy spectra we observe that the magnetic helical condensates dominate the large scales of the flow with E b t > E u t at low wavenumbers. As the external forces become more correlated in time, the ratio E b t / E u t presents also a considerable increase at large scales. The slope of the energy spectrum appears to be very steep, particularly for high τ c /τ f values, and much steeper than typical turbulence theory exponents −5/3 and −3/2. Note that large fluctuations on the spectral exponent were observed throughout the run, with steep exponents during the condensate phases and more turbulent-like exponents within intermediate times. Therefore, the presence of the helicity condensates can clearly affect the time averaged energy spectrum even when their duration is short (e.g. τ c /τ f = 2 in our flows). Due to the relatively small resolution of these simulations the statements about the spectral exponents are only qualitative.
Alternatively, to show the existence of the large fluctuations that could affect the energy spectrum we analyse the dynamics of the large and small scales. So, we compute the corresponding integral scales of the velocity and the magnetic field individually and Taylor micro-scales
In Fig. 6 we illustrate the time-series of the ratios of the integral length scale to Taylor micro-scale of the magnetic field and the velocity field. When energy is concentrated on the largest scale of the system k = 1 the ratio L u,b /λ u,b = 3π 4 √ 5 ≃ 1.05 and thus the flow exhibits laminar behaviour while when L u,b /λ u,b ≫ 1 a turbulent scaling is expected and dissipation is dominated by small scales. The difference in the dynamics of the velocity and the magnetic field is striking as the forcing correlation time scale varies. On one hand, the magnetic field reaches different asymptotic states for different values of τ c /τ f (see Fig. 6a ) and it moves toward the laminar attractor, i.e. and extreme events away from the laminar attractor for high values of τ c /τ f . On the other hand, even though the amplitude of the fluctuations of L u /λ u increases significantly with respect to the increase of the forcing correlation time scale, the mean value of L u /λ u remains almost at the same level except for the run with τ c /τ f = ∞ (see Fig. 6b ). This diverse behaviour between the velocity and the magnetic field dominates the statistics and this was also depicted in the time-averaged energy spectra in 
V. DISCUSSION AND CONCLUSIONS
In this work, we consider MHD turbulent flows driven by kinetic and electromagnetic external forces. By increasing the time-correlation of the external forces we demonstrate that MHD turbulent flows create large-scale condensates out of a sea of homogeneous turbulence. This self-organization is connected with the presence of an electromagnetic external force, which induces the condensation of magnetic energy into the large scale helical coherent structures as a consequence of the inverse cascade of magnetic helicity even though the forcing itself is not helical. The magnetic energy at the large scales of the flow is always greater than the kinetic energy and the ratio of magnetic to kinetic energy grows as the forcing correlation time scale increases.
From our phase space analysis, we conclude that helicities increase as the forcing correlation time scale increases and drive the MHD flows toward a laminar attractor at large integration times. Flows with high enough value of τ c /τ f reach different asymptotic states of different levels of helicities. The evolutions of these flows are governed by the force-free, Alfvénic and Beltrami states (i.e. u ∝ b ∝ ω ∝ j), which appear to be attracting solutions of the MHD equations when τ c /τ f → ∞ for any Reynolds number. The existence of these attractors is intimately connected to the unconditional stability of the magnetic helical condensates for any Reynolds number. So, a predictive theory for self-organisation in electromagnetically driven MHD turbulent flows is plausible based on the fact that asymptotic laminar attractors govern the dynamics of such flows with long enough forcing correlation time scales.
Moreover, the dynamics of the velocity and the magnetic field present very diverse dynamics, which dominate the statistics. In other words, at different instances in time rare events provide very disparate energy spectra during the evolution of the MHD flows for high enough correlation time scales of the external forces. These results raise the issue of how a DNS of MHD turbulent flows should be forced in order to avoid any lack of universal results to be caused by the self-organisation of the flow. In particular the current study excludes the use of time-independent magnetic forcing for the study of steady state MHD turbulence in periodic boxes as in this case the flow will be attracted to the self-organised states.
Our study has perhaps important practical implications for many electromagnetically forced devices such as electromagnetic pumps in nuclear stations, fusion plasma devices such as the tokamaks, spheromaks and reversed field pinch experiments. Note that the self-organized states can persist for all time, if permitted by boundary conditions, as they lead to the cancellation of the non-linearities and the system toward the laminar attractor. The presence of coherent structures inside turbulence greatly affect the plasma diffusion process. Therefore, further study of the self-organization processes is vital in order to control the transport processes in fusion plasmas and hence to improve the plasma confinement. Moreover, an increased knowledge of these phenomena in MHD turbulence can shed light on the understanding of some basic phenomena in solar corona, such as flares and coronal heating, which occur in a region where observations cannot be performed.
VI. APPENDIX
Here we show that magnetic helical condensates at the largest scale of MHD flows are unconditionally stable for any Reynolds number. We consider an arbitrary velocity field u ′ and a magnetic field with a large scale fully helical component B 0 and a small scale component b ′ , i.e. b = B 0 + b ′ . The large scale magnetic field is such that
where k 0 is the smallest wavenumber in the domain. The small scale component b ′ is composed of all the Fourier modes such that |k| = k 0 (i.e. all the Fourier modes except the ones for which belong to B 0 ).
Then, the Eqs. (1) and (2) for the small scale fields become
and
To derive the equations for the averaged kinetic and magnetic energy, we multiply Eq. (9) by u ′ and Eq. (10) by b ′ and we integrate over the volume V to obtain
where . ≡ V d 3 x. By summing Eqs. (11) and (12), we obtain
Let a ≡ A 0 +a ′ (where ∇×A 0 = B 0 and ∇×a ′ = b ′ ), be the vector potential. Multiplying Eq. (10) with a ′ and integrate over the volume V we obtain
